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THESIS ABSTRACT
NAME: Ala Ata Talahmeh
TITLE OF STUDY: Blow Up in some Hyperbolic Problems Involving Lebesgue
and Sobolev Spaces with Variable Exponents
MAJOR FIELD: Mathematics
DATE OF DEGREE: December 2017
In this dissertation, we study the well-posedness as well as the blow up of some
nonlinear hyperbolic problems involving nonclassical nonlinearities. In this re-
gard, we prove several general blow up results under appropriate assumptions on
the exponents of nonlinearity. We use the modified concavity method. We also
exploit ideas by Messaoudi [72], Georgiev and Todorova [34] with appropriate
modifications. Our results generalize some known results existing in the literature




 عالء عطا عبد الهادي تالحمة  سم:إلا
لبعض المسائل الزائدية غيرالخطية التي تحتوي على اإلنفجار خاصية  :عنوان الدراسة
 حدود الخطية غيركالسيكية
 الرياضيات ساسي: التخصص األ
 2017سبتمبر تاريخ الشهادة:  
لبعض  خاصية اإلنفجار، الصياغة الجيدة، فضال عن في هذه األطروحة، نقوم بدراسة
المسائل الزائدية غيرالخطية التي تنطوي على حدود الخطية غيركالسيكية. في هذا 
العديد من نتائج اإلنفجار، تحت افتراضات مناسبة على أسس  بإثبات الصدد، نقوم
ستغالل بعض األفكار من قبل لة، كما نقوم بإالالخطية. نستخدم طريقة التقعر المعد  
م بعض  [34]، وجورجيف وتودوروفا [72]مسعودي  مع تعديالت مناسبة. نتائجنا تعم 




1.1 History of Variable Exponent Spaces
Variable Lebesgue spaces were first introduced by W. Orlicz in 1931 in his article
[81]. He started by looking for necessary and sufficient conditions on a sequence
(yi) in R under which
∑
xiyi converges, for any sequence (xi) in R such that
∑
xpii
converges, where (pi) is a sequence of real numbers with pi > 1. Furthermore, he
also considered the variable exponent function space Lp(·) on the real line. Orlicz
later concentrated much on the theory of the function spaces that were named










for some λ > 0, where ϕ is a real-valued function that may depend on x and
satisfies some additional conditions. Putting certain properties of % in an abstract
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setting, a more general class of function spaces, called modular spaces, was first
studied by Nakano [79],[80]. Following the work of Nakano, modular spaces were
investigated by several people, most importantly by groups at Sapporo (Japan),
Voronezh (U.S.S.R.), and Leiden (the Netherlands). An explicit version of mod-
ular function spaces was investigated by Polish Mathematicians, like Hudzik [40]-
[50] and Kaminska [47],[56].
The variable-exponent Lebesgue space Lp(·)(Ω) is defined as the Orlicz space
Lϕp(·)(Ω) where
ϕp(·)(t) = t













for some λ > 0 equipped with the Luxemburg norm
‖u‖p(·) = inf
{







Variable-exponent Lebesgue spaces on the real line have been independently de-
veloped by Russian researchers. Their results originated in 1961 in a paper by
Tsenov [95]. The Luxemburg norm was introduced by Sharapudinov [90] for the
Lebesgue space. He showed that this space is Banach if the exponent satisfies
1 < essinf p ≤ esssup p < +∞. In the mid-80s, V. Zhikov [102] started a new
line of investigation of variable-exponent spaces, by considering variational inte-
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grals with non-standard growth conditions. The next major step in the study
of variable-exponent spaces was by Kovacik and Rakosnk [59] in the early 90’s.
In their paper, they established many of the basic properties of Lebesgue and
Sobolev spaces in Rn.
In the beginning of the new millennium, a great development has been made
for the rigorous study of variable-exponent spaces. In particular, a connection
was made between the variable-exponent spaces and the variational integrals with
non-standard growth and coercivity conditions.
Recent systematic study of partial differential equations with variable expo-
nents was motivated by the description of several relevant models in electrorhe-
ological fluids or fluids with temperature-dependent viscosity, thermorheological
fluids, nonlinear viscoelasticity, filtration processes through a porous media and
image processing, or robotics. These models include hyperbolic, parabolic or el-
liptic equations that are nonlinear in gradient of the unknown solution and with
variable exponents of nonlinearity. In what follows, we give an example due to
Chen, Levine, Rao [20], which concerns application to image restoration. Consider
an image u, recovered from an observed, noisy image I, where the two are related
by
I = u+ noise.













where Ω ⊂ R2 is a domain with Lipchitz boundary, 1 ≤ p ≤ 2, λ ≥ 0. There
are two well known models. Namely, the isotropic diffusion (p = 2) and the total
variation (TV)-based diffusion (p = 1).
TV minimization: The TV-based regularization, p = 1, does an excellent job of
preserving edges while reconstructing images. Mathematically this is reasonable,
since it is natural to consider solutions of this problem in the BV (Ω) space which
allows discontinuities which are necessary for edge reconstruction. The TV model
has proved to be a very efficient tool for preserving sharp edges.
Gaussian smoothing: Taking p = 2 results in an isotropic diffusion, which
solves some problems but alone is not good for image reconstruction since it does
preserve edges.
To combine the advantages and incorporates the strengths of the above models,
many modifications have been introduced. For instance, Chambolle and Lions [19]














Functional with variable exponent 1 ≤ p(x) ≤ 2 : Chen et al. [20], in 2006,
proposed a model which capitalizes on the strengths of (1.1) for different values
of 1 ≤ p(x) ≤ 2. This ensures a TV-based diffusion (p ≡ 1) along edges and a
Gaussian smoothing (p ≡ 2) in homogeneous regions. In addition, it employs
anisotropic diffusion 1 < p(x) < 2 in piecewise smooth regions or where the
4
difference between the noise and edges is difficult to distinguish. By taking p =
p(x), the direction and speed of diffusion at each location will depend on the local

















, |r| > β,
for β > 0, 1 < α ≤ q(x) ≤ 2. An example is
q(x) = 1 +
1
1 + k|∇Gσ ∗ I(x)|2
,
for fixed parameters σ, k > 0 and Gσ(x) =
1
σ
exp(−|x|2/4σ2) is the Gaussian filter.
The main features of this model is the way in which it accommodates the local
image information. In fact, when the gradient is sufficiently large (at likely edges),
only the TV-based diffusion will be used. But, when the gradient is near zero (in
homogeneous regions), the model is isotropic. At all other locations, the filtering
is somewhere between the Gaussian and the TV-based diffusion. In particular,
the type of anisotropy at these ambiguous regions varies according to the strength
of the gradient.
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The associated flow with (1.3) is the following diffusion problem

ut − div(∇ϕ(x,∇u)) + λ(u− I) = 0, in Ω× (0, T )
u(x, t) = g(x), on ∂Ω× [0, T ]
u(x, 0) = I(x), in Ω.
(1.4)
For problem (1.3), Chen et al. [20] established the existence and uniqueness of the
solution and the long-time behavior of the associated flow (1.4) of the proposed
model. The effectiveness of the model in image restoration is illustrated by some
experimental results included in following figures.
6
(a) Original image (b) Image with noise
(c) reconstructions using





Figure 1.1: Experimental results I
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(a) reconstructions using
(1.2) with thresholds β =
50
(b) reconstruction using
the proposed model with
thresholds β = 30 (1000
iterations).
(c) reconstructions using
(1.2) with thresholds β =
70.
(d) reconstruction using
the proposed model with
thresholds β = 100 (1000
iterations).
Figure 1.2: Experimental results II
For more applications, the reader is referred to [1]-[3], [22], [27], [37], [89].
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1.2 Results Description
The aim of this dissertation is to investigate the well-posedness as well as the
blow up of solutions of some nonlinear hyperbolic problems involving nonclassical
nonlinearities. In this regard, we study some problems and establish blow up
results under some suitable assumptions. This study extends and generalizes
several results. In particular, we extended the blow up result of some nonlinear
hyperbolic problem, considered by Georgiev and Todorova [34] and Messaoudi
[72], from the constant-exponent case to the variable-exponent case. Also, we
extended, using the modified concavity method presented in [58], to problems
with variable-exponent nonlinearities.
Our contributions start from Chapter three, where we investigate the existence
and blow up of solutions of the following nonlinear wave problem with variable
exponents

utt −∆u+ aut|ut|m(·)−2 = bu|u|p(·)−2, in Ω× (0, T )
u(x, t) = 0, on ∂Ω× (0, T )
u(x, 0) = u0(x), ut(x, 0) = u1(x), in Ω,
(1.5)
where Ω is a bounded domain in Rn (n ≥ 1), with a smooth boundary ∂Ω,
and a, b ≥ 0 are constants and the exponents m(·) and p(·) are given log-Hölder
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continuous functions on Ω such that:
2 ≤ m1 ≤ m(x) ≤ m2 ≤
2n
n− 2
, n ≥ 3 (1.6)
and
2 ≤ p1 ≤ p(x) ≤ p2 ≤ 2
n− 1
n− 2
, n ≥ 3. (1.7)
We establish the well-posedness using the standard Faedo-Galerkin method and
obtain the blow-up result for the solution under some suitable assumptions and
give a two-dimension numerical example to illustrate the blow up result.
In Chapter four, we study the finite time blow-up of solutions of the following






+ aut|ut|m(·)−2 = bu|u|p(·)−2, in Ω× (0, T )
u(x, t) = 0, on ∂Ω× (0, T )
u(x, 0) = u0(x), ut(x, 0) = u1(x), in Ω,
(1.8)
where a, b > 0 are constants, Ω is a bounded domain of Rn, with a smooth bound-
ary ∂Ω, and the exponents m(·), p(·) and r(·) are given log-Hölder continuous
functions on Ω such that:







if r2 < n
+∞ if r2 ≥ n
and
essinfx∈Ω(r
∗(x)− p(x)) > 0.
We establish a finite-time blowup result for the solutions with negative initial
energy and for certain solutions with positive energy.
In Chapter five, we study the blow up of solutions of the following nonlinear wave
equation with variable exponents

utt − div(|∇u|m(x)−2∇u) + µut = |u|p(x)−2u, in Ω× (0, T )
u(x, t) = 0, on ∂Ω× [0, T )
u(x, 0) = u0(x), ut(x, 0) = u1(x), in Ω,
(1.10)
where µ ≥ 0 is a constant, Ω ⊂ Rn is a bounded domain with a smooth boundary
∂Ω, and the exponents m(·) and p(·) are given log-Hölder continuous function on
Ω such that:







if m2 < n
+∞ if m2 ≥ n
and
essinfx∈Ω(m
∗(x)− p(x)) > 0.
We prove, for arbitrary positive initial energy, a finite-time blow-up result using
modified concavity method. This extends the result of [58], to problems with
variable-exponent nonlinearities.
1.3 Methodology
We use, in chapter five, the modified concavity method to establish the desired
blow up result of the solution. This method relies mostly on the construction of
an appropriate function Φ ∈ C2([0, T )). To prove the blow up we show that Φ(t),
satisfies
ΦΦtt − αΦ2t + γΦΦt + βΦ ≥ 0, α > 1, β ≥ 0, γ ≥ 0, (1.12)





















In chapter three and four, we exploit ideas by Messaoudi [72], with necessary
modifications due to the nature of our equations, to prove the blow up of solution.
For the well-posedness, in chapter three, we employ the standard Galerkin method
combined with Banach fixed-point argument [62].
1.4 Literature Review
1.4.1 Blow Up in the Case of Constant Exponents.
The first study of finite-time blow up of solutions of hyperbolic PDEs of the form
utt −∆u = f(u)
goes back to Ball [14] in 1977. The interaction between the damping and the
source terms was later considered by Levine [63]-[65] for an equation of the form
utt −∆u+ aut = f(u).
He introduced the concavity method and showed that solutions with negative ini-
tial energy blow up at finite time. This method was later improved by Kalantarov
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and Ladyzhenskaya [55] to accommodate more general cases. After twenty years,
Georgiev and Todorova [34] extended Levine’s result to the nonlinearly damped
equation
utt −∆u+ a|ut|mut = b|u|pu, in Ω× (0,∞),
for a, b,m, p > 0. In their work, Georgiev and Todorova introduced a different
method and determined appropriate relations between the nonlinearies in the
damping and the source, for which there is either global existence or alternatively
finite-time blow up. Precisely, they showed that solutions with negative energy
exist globally in time if m ≥ p and blow up in finite time if p > m and initial energy
is sufficiently negative. This result was later generalized to an abstract setting
and to unbounded domains by Levine et al. [66], Levine and Serrin [67], Levine
and Park [68], and Messaoudi [72], [73]. In all these papers, the authors showed
that no solution with negative or sufficiently negative energy can be extended on
[0,∞), if the nonlinearity in the source dominates the damping effect (p > m).




g(t− τ)∆u(τ)dτ + aut|ut|m = b|u|γu, in Ω× (0,∞)
where Ω is a bounded domain of Rn. This result was later pushed, by the same
author [74] to certain solutions with positive initial energy. A similar result was






g(t− τ)∆u(τ)dτ + ut = b|u|p−2u, in Rn × (0,∞)
and established a blow up result. This latter result was later pushed by the same








h(t− τ)∆v(τ)dτ = f2(u, v), in Rn × (0,∞).
In the absence of the viscoelastic terms, Agre and Rammaha [4] studied the
following problem

utt −∆u+ |ut|m−1ut = f1(u, v), in Ω× (0, T ),
vtt −∆v + |vt|m−1vt = f2(u, v), in Ω× (0, T ),
u(x, t) = v(x, t) = 0, on ∂Ω× [0, T )
u(x, 0) = u0(x), ut(x, 0) = u1(x), in Ω,
v(x, 0) = v0(x), vt(x, 0) = v1(x), in Ω,
(1.14)











F (u, v) = a|u+ v|p+1 + 2b|uv|
p+1
2 , p ≥ 3, a > 1, b > 0.
They proved several results concerning local and global existence of a weak solu-
tion and showed that any weak solution with negative initial energy blows up in
finite time. In the presence of the viscoelastic terms, Messaoudi and Said-Houari









h(t− τ)∆v(τ)dτ + |vt|r−1vt = f2(u, v), in Ω× (0,∞),
u(x, t) = v(x, t) = 0, on ∂Ω× [0,∞),
u(x, 0) = u0(x), ut(x, 0) = u1(x), in Ω,
v(x, 0) = v0(x), vt(x, 0) = v1(x), in Ω,
(1.15)
where Ω is a bounded domain of Rn with a smooth boundary ∂Ω. They proved a
global existence result of certain solutions with positive initial energy. For more
results concerning nonexistence, we mention here the work of Vitillaro [96],[97]
Todorova [93], Todorova and Vitillaro [94], Wang [98], Liu [70], Wu and Lin [100],
and the very recent book of Alshin et al. [7]. For the nonlinear Kirchhoff-type
16







∆u+ ut|ut|r = |u|pu, in Ω× (0,+∞)
u(x, t) = 0, on ∂Ω× (0,+∞),
u(x, 0) = u0(x), ut(x, 0) = u1(x), in Ω,
(1.16)
where p, q, r ≥ 0, Ω is a bounded domain of Rn, with a smooth boundary ∂Ω and a
unit outer normal ν, several results concerning global existence and blow-up have
been established; see in this regard [15]-[16],[83]-[84], and the references therein.
Messaoudi and Said-Houari [75] considered the nonlinear wave equation








+ a|ut|m−2ut = b|u|p−2u,
where a, b > 0, α, β,m, p > 2 and Ω is a bounded domain in Rn (n ≥ 1), with a
regular boundary. They proved, under appropriate conditions on α, β, p,m > 2,
a global nonexistence result for solutions associated with negative initial energy.





−∆ut + q(x, u) = f(x)
in a bounded domain Ω ⊂ Rn, where 2 ≤ p < n and f, q are given functions. They
established global existence and uniqueness under appropriate conditions on the
initial data and the functions f, q. They also discussed the long time behaviour of
17






in Rn, n ≥ 3, and 2 < p < n, p∗ = pnn−p is the critical Sobolev exponent. Under
appropriate assumptions on the initial data, they proved the finite-time blowup of
solutions and, hence, extended a result by Galaktionov and Pohozaev [29]. Ye [101]
investigated the blowup property of solutions of a quasilinear hyperbolic system of
equations and proved that certain solutions with positive initial energy explode in
finite time and he also gave estimation for the solution lifespan. Recently, Kafini
and Messaoudi [54] studied a nonlinear wave equation with damping and delay
terms and showed, under suitable hypotheses on the initial data, that the solution
energy explodes in a finite time. For more results, we refer the reader to [17], [30],
[38], [88].
1.4.2 Blow Up in the Case of Variable-Exponent Nonlin-
earities.
In recent years, much attention has been paid to the study of mathematical models
of hyperbolic, parabolic or elliptic equations which are nonlinear with variable
exponents of nonlinearity. In fact, there are only few works in this direction, let
us mention some of them. For instance, Antontsev [12] considered the equation
utt − div(a(x, t)|∇u|p(x,t)−2∇u)− α∆ut = b(x, t)u|u|σ(x,t)−2
18
in a bounded domain Ω ⊂ Rn, where α > 0 is a constant and a, b, p, σ are given
functions. For specific conditions on a, b, p, σ, he proved some blowup results,
for certain solutions with non positive initial energy. He also discussed the case
when α = 0 and established a blow up result. Subsequently, Antontsev [11]
discussed the same equation and proved a local and a global existence of some weak
solutions under certain hypotheses on the functions a, b, p, σ. He also established
some blowup results for certain solutions having non positive initial energy. Guo
and Gao [35] looked into the same problem of [11] and established several blowup
results for certain solutions associated with negative initial energy. Precisely, they
took σ(x, t) = σ > 2, a constant, and established a result of blowup in finite-time.
For the case σ(x, t) = σ(x), they claimed the same blow up result but no proof
has been given. This work is considered to be an improvement for that of [11]. In
[92], Sun et al. looked into the following equation
utt − div(a(x, t)∇u) + c(x, t)ut|ut|q(x,t)−1 = b(x, t)u|u|p(x,t)−1
in a bounded domain, with Dirichlet-boundary conditions, and established a
blowup result for solutions with positive initial energy. They also gave lower
and upper bounds for the blowup time and provided a numerical illustrations for
19






= u|u|p(x)−2 + f, in Ω× (0, T ),
u(x, t) = 0, on ∂Ω× [0, T )
u(x, 0) = u0(x), in Ω,
(1.17)
where Ω is a bounded domain in Rn (n ≥ 1) with a smooth boundary ∂Ω, and
m(·) and p(·) are two continuous functions on Ω satisfying






if m2 < n
+∞ if m2 ≥ n
.
They also assumed that m(·) is log-Hölder continuous and
essinfx∈Ω(m
∗(x)− p(x)) > 0.
Under these conditions on m(·), p(·) and for f = 0 they showed that any so-
lution with nontrivial initial datum blows up in finite time. They also gave a
two-dimension numerical examples to illustrate their result. Gao and Gao [32]
20





g(t− τ)∆u(τ)dτ + |ut|m(x)−2ut = |u|p(x)−2u, in Ω× (0, T ),
u(x, t) = 0, on ∂Ω× [0, T )
u(x, 0) = u0(x), ut(x, 0) = u1(x), in Ω,
(1.18)
where m(x), p(x) are continuous functions in Ω such that
1 < inf
x∈Ω
m(x) ≤ m(x) ≤ sup
x∈Ω
m(x) < +∞, 1 < inf
x∈Ω















) = C < +∞.
They also assumed that
(i) g : R+ → R+ is a C1 function satisfying
g(0) > 0, 1−
∫ +∞
0
g(s)ds = ` > 0;
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(ii) There exists η > 0 such that
g′(t) ≤ −ηg(t), t ≥ 0.
They proved the existence and energy decay of the solutions to problem (1.18).
Akagi and Matsuura [5] were interested in the initial-boundary value problem
for a nonlinear parabolic equation involving the p(x)−Laplacian. Precisely, they






= f(x, t), in Ω× (0, T ),
u(x, t) = 0, on ∂Ω× [0, T )
u(x, 0) = u0(x), in Ω,
(1.19)
where f : Ω × (0,∞) → R, u0 : Ω × (0,∞) → R and p(·) : Ω → [1,∞] are given
functions. The well-posedness and the long-time behaviour of the L2−solution
to problem (1.19) were established, using the subdifferential calculus approach.
A parabolic equation of the form (1.19) was also studied by Bendahmane et al.
[18], where the well-posedness of a solution was proved for L1−data. Ferreira and
Messaoudi [28] studied a nonlinear viscoelastic plate equation with a lower order
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g(t− s)∆u(s)ds−∆ut + f(u) = 0, inΩ× (0, T ),
u = ∂u
∂ν
= 0, on ∂Ω× [0, T )













, −→p = (p1, p2, ......, pn)T
and g ≥ 0 is a memory kernel that decays at a general rate and f(u) is a
nonlinear function. They proved a general decay result for appropriate condi-
tions on g, f and the variable exponent −→p (x, t)−Laplacian operator. Autuori
et al. [13] looked into a nonlinear Kirchhoff system in the presence of the
−→p (x, t)−Laplacian operator, a nonlinear force f = f(t, x, u) and a nonlinear
damping term Q = Q(t, x, u, ut). They established a global nonexistence result
under suitable conditions on f,Q, p(x). We refer the reader to Antontsev [12] and




2.1 Lebesgue Spaces with Variable Exponents
In this section, we present some preliminary facts about Lebesgue spaces with
variable-exponents (see [24],[25],[27],[57],[60]).
Definition 2.1 The function % is said to be left-continuous if the mapping λ 7−→




Definition 2.2 Let X be a K−vector space, where K is either R or C. A function
% : X −→ [0,∞] is called a semimodular on X if the following properties hold:
(a) %(0) = 0;
(b) %(λx) = %(x) for all x ∈ X and λ ∈ K with |λ| = 1;
(c) % is convex;
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(d) % is left-continuous;
(e) %(λx) = 0 for all λ > 0 implies x = 0.
A semimodular is called modular if
(f) %(x) = 0 implies x = 0.
A semimodular is called continuous if
(g) the mapping λ 7−→ %(λx) is continuous on [0,∞) for all x ∈ X.
Examples 2.1.1 Let L0(Ω) be the set of all Lebesgue measurable functions de-





defines a continuous modular on L0(Ω).
Theorem 2.1 [60] Let % be a semimodular on X. Then by convexity and non-
negativeness of % and %(0) = 0, the mapping λ → %(λx) is non-decreasing on
[0,∞) for every x ∈ X. Moreover
%(λx) = %(|λ|x) ≤ |λ|%(x) for all |λ| ≤ 1,




• Assume that 0 ≤ λ < µ, then 0 ≤ λ
µ






















Hence for any fixed x ∈ X, we have
%(λx) ≤ %(µx) for 0 ≤ λ < µ.









∣∣∣ λ|λ|∣∣∣ = 1).
• For |λ| ≤ 1, we have
%(|λ|x) = %(|λ|x+ (1− |λ|)0) ≤ |λ|%(x) + (1− |λ|)%(0) = |λ|%(x).
Therefore,
%(λx) = %(|λ|x) ≤ |λ|%(x) ∀x ∈ X and |λ| ≤ 1.



















%(λx) = %(|λ|x) ≥ |λ|%(x) ∀x ∈ X and |λ| ≥ 1.
Definition 2.3 Let (Ω,Σ, µ) be a σ−finite, complete measure space. We define
P(Ω, µ) to be the set of all µ−measurable functions p : Ω→ [1,∞]. The functions
p ∈ P(Ω, µ) are called variable exponents on Ω. We define
p1 := essinfy∈Ωp(y) and p2 := esssupy∈Ωp(y).
If p2 < ∞, then we call p a bounded variable exponent. If p ∈ P(Ω, µ), then we










The function p′ is called the dual variable exponent of p. In the special case that
µ is the n− dimentional Lebesgue measure and Ω is an open subset of Rn, we
abbreviate P(Ω) := P(Ω, µ).
Definition 2.4 We define the Lebesgue space with a variable exponent p(·) by
Lp(·)(Ω) :=
{









is a modular, equipped with the following Luxembourg-type norm
‖u‖p(·) := inf
{














Since %p(·)(1) = 1, then, by definition of ‖1‖p(·), we have ‖1‖p(·) ≤ 1. On the other
hand, it is easy to check that %p(·)(1/λ) > 1, for 0 < λ < 1. This gives ‖1‖p(·) > 1.
Hence, we conclude that ‖1‖p(·) = 1.
Lemma 2.1 If p(x) ≡ p, where p is constant. Then,







Proof. Since %p(·)(u/λ0) = 1, then
‖u‖p(·) ≤ λ0. (2.3)
Next, using property of Inf, there exists a sequence {λk}∞k=1 such that λk ≥ ‖u‖p(·),
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with






|u|p ≤ 1, then we have
λ0 ≤ ‖u‖p(·). (2.4)
Combining (2.3) and (2.4) gives (2.2).
Definition 2.5 We say that a function q : Ω→ R is log-Hölder continuous on Ω
if
|q(x)− q(y)| ≤ − A
log |x− y|
, for all x, y ∈ Ω, with |x− y| < δ, (2.5)
where A > 0 and 0 < δ < 1.
Lemma 2.2 Let Ω be a domain of Rn. If p : Ω→ R is a Lipchitz function, then
it is log-Hölder continuous on Ω.
Proof. Let x, y ∈ Ω, with |x− y| < δ and 0 < δ < 1. Then, since p is Lipchitz,
there exists L > 0 such that




− |x− y| log |x− y|
)
. (2.6)
Let g(s) = −s log s. Then, g is continuous on [0, 1] and hence is bounded. So we
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have, 0 ≤ −s log s ≤M. Therefore, (2.6) becomes
|p(x)− p(y)| ≤ − A
log |x− y|
,
where A = LM > 0. Hence, p is log-Hölder continuous
Examples 2.1.3 Let p(x, y) = x2 + 1 be defined on Ω = B(0, 1). Then, by
previous lemma, p : Ω→ R is log-Hölder continuous on Ω.
Lemma 2.3 (Unit ball property) [60] Let p ∈ P(Ω, µ) and f ∈ Lp(·)(Ω, µ).
Then
(i) ‖f‖p(·) ≤ 1 if and only if %p(·)(f) ≤ 1.
(ii) If ‖f‖p(·) ≤ 1, then %p(·)(f) ≤ ‖f‖p(·).
(iii) If ‖f‖p(·) ≥ 1, then ‖f‖p(·) ≤ %p(·)(f).
(iv) ‖f‖p(·) ≤ 1 + %p(·)(f).
Proof.
(i) If %p(·)(f) ≤ 1, then ‖f‖p(·) ≤ 1 by definition of ‖ · ‖p(·). On the other hand,




≤ 1 for all λ > 1. Since %p(·) is left-continuous
it follows that %p(·)(f) ≤ 1.
(ii) The claim is obvious for f = 0, so assume that 0 < ‖f‖p(·) ≤ 1. By (i) and∥∥f/‖f‖p(·)∥∥ = 1, it follows that %p(·)(f/‖f‖p(·)) ≤ 1. Since ‖f‖p(·) ≤ 1, it
follows from (2.1) that %p(·)(f)/‖f‖p(·) ≤ 1. This implies %p(·)(f) ≤ ‖f‖p(·).
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> 1 for 1 < λ < ‖f‖p(·) and by (2.1)
it follows that 1 <
%p(·)(f)
λ
. which implies λ < %p(·)(f), for 1 < λ < ‖f‖p(·).
Since λ is arbitrary, we have ‖f‖p(·) ≤ %p(·)(f).
(iv) This follows immediately from (ii) and (iii).














for any u ∈ Lp(·)(Ω).
Theorem 2.2 [60] If p ∈ P(Ω, µ), then Lp(·)(Ω, µ) is a Banach space.
Lemma 2.5 [60] If p : Ω → [1,∞) is a measurable function with p2 < ∞, then
C∞0 (Ω) is dense in L
p(·)(Ω).









, for µ− a.e y ∈ Ω.











By taking p, q, s constants such that s = 1, and 1 < p, q < ∞, then we have for
any ε > 0,






. For p = q = 2, we have













, for µ−a.e y ∈ Ω.
If f ∈ Lp(·)(Ω, µ) and g ∈ Lq(·)(Ω, µ), then fg ∈ Ls(·)(Ω, µ) and
‖fg‖s(·) ≤ 2 ‖f‖p(·)‖g‖q(·).
By taking p = q = 2, we have the Cauchy-Schwarz inequality.
2.2 Sobolev Spaces with Variable Exponents
In this section we study functional analysis-type properties of Sobolev spaces with
variable exponents. We start by recalling the definition of weak derivative.
Definition 2.6 (weak derivative). Let Ω ⊂ Rn be an open set. Assume that
u ∈ L1loc(Ω). Let α := (α1, ...., αn) ∈ Nn be a multi-index and let |α| = α1+....+αn.
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for all ψ ∈ C∞0 (Ω), then g is called a weak partial derivative of u of order α. The




Definition 2.7 Let k ∈ N. We define the space W k,p(·)(Ω) by
W k,p(·)(Ω) :=
{
u ∈ Lp(·)(Ω) such that ∂|α|u ∈ Lp(·)(Ω) with |α| ≤ k
}
.





This induces a norm [60] given by
‖u‖Wk,p(·)(Ω) := inf
{










For k ∈ N, the space W k,p(·)(Ω) is called Sobolev space and its elements are called
Sobolev functions. Clearly W 0,p(·)(Ω) = Lp(·)(Ω), and
W 1,p(·)(Ω) =
{
u ∈ Lp(·)(Ω) such that ∇u exists and |∇u| ∈ Lp(·)(Ω)
}
,
with a norm given by ‖u‖W 1,p(·)(Ω) = ‖u‖p(·) +‖∇u‖p(·). We abbreviate ‖u‖Wk,p(·)(Ω)
33
to ‖u‖k,p(·) and %Wk,p(·)(Ω) to %k,p(·).
Theorem 2.3 [60] Let p ∈ P(Ω). The space W k,p(·)(Ω) is a Banach space, which
is separable if p is bounded, and reflexive if 1 < p1 ≤ p2 <∞.
Definition 2.8 Let p ∈ P(Ω) and k ∈ N. The Sobolev space W k,p(·)0 (Ω) with zero





u ∈ W k,p(·)(Ω) : u = uχK for a compact K ⊂ Ω
}
in W k,p(·)(Ω).
Remark 2.1 [60] Let p ∈ P(Ω) and k ∈ N. Then
(i) The space H
k,p(·)
0 (Ω) is defined as the closure of C
∞




0 (Ω) ⊂ W
k,p(·)
0 (Ω).
(iii) If p is log-Hölder continuous on Ω, then W
k,p(·)
0 (Ω) = H
k,p(·)
0 (Ω).
(iv) The dual of W
1,p(·)
0 (Ω) is defined as W
−1,p′(·)(Ω), in the same way as the




Theorem 2.4 [60] Let p ∈ P(Ω). The space W k,p(·)0 (Ω) is a Banach space, which
is separable if p is bounded, and reflexive if 1 < p1 ≤ p2 <∞.
Theorem 2.5 (Poincaré’s inequality). [60] Let Ω be a bounded domain of Rn
and suppose that p(·) is log-Hölder continuous on Ω, then
‖u‖p(·) ≤ C‖∇u‖p(·), for all u ∈ W 1,p(·)0 (Ω),
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where the positive constant C depends on p1, p2 and Ω only. In particular, the
space W
1,p(·)
0 (Ω) has an equivalent norm given by ‖u‖W 1,p(·)(Ω) = ‖∇u‖p(·).
If p = 2; then we set H10 (Ω) = W
1,2
0 (Ω).
Remark 2.2 The log-Hölder continuity condition on p(·) can be replaced by
p(·) ∈ C(Ω), if Ω is bounded.
Remark 2.3 Contrary to the constant-exponent case, there is no Poincaré in-
equality version for modular. The following example shows that the Poincaré
inequality does not, in general, hold in a modular form.




3, if x ∈ (−2,−1) ∪ (1, 2)





−2x+ 1, if x ∈ [−1,−1
2
]
2x+ 1, if x ∈ [1
2
, 1].
Let uµ be a Lipschitz function defined by
uµ(x) =

µx+ 2µ, if x ∈ (−2,−1]
µ, if x ∈ (−1, 1)

























We end this section with some essential embedding results which are needed for
the proofs in this dissertation.
Lemma 2.8 [60] Let Ω be a bounded domain in Rn with smooth boundary ∂Ω.
Assume that p : Ω→ (1,∞) is a measurable function such that
1 < p1 ≤ p(x) ≤ p2 < +∞, for a.e. x ∈ Ω.
If p(x), q(x) ∈ C(Ω) and q(x) < p∗(x) in Ω with p∗(x) =

np(x)
n−p(x) , if p2 < n
∞, if p2 ≥ n,
then the embedding W
1,p(·)
0 (Ω) ↪→ Lq(·)(Ω) is continuous and compact.
As a special case we have
Corollary 2.6 [60] Let Ω be a bounded domain in Rn with smooth boundary ∂Ω.
Assume that p(·) ∈ C(Ω) such that
2 ≤ p1 ≤ p(x) ≤ p2 <
2n
n− 2
, n ≥ 3. (2.8)
Then the embedding H10 (Ω) ↪→ Lp(·)(Ω) is continuous and compact.
Remark 2.4 The p(·)−Laplacian with a variable exponent p(·) is related to the
variable exponent Lebesgue and Sobolev spaces, Lp(·)(Ω),W 1,p(·)(Ω) whose theory
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has been rigorously studied in [60]. Equation (1.19) in Section 1.6 of the last
chapter is a nonlinear diffusion equation which has been used to study image
restoration and elecrtoheological fluids (see [2], [3], [22], [26], [27] and references
therein).
2.3 Notations
Throughout this dissertation, we use the standard L2(Ω) and H1(Ω) spaces.
The space H1(Ω) is equipped with the norm
‖u‖2H1(Ω) = ‖u‖2 + ‖∇u‖2,
where ‖u‖2 = ‖u‖2L2(Ω). We also make use of the space
H10 (Ω) = {u ∈ H1(Ω) : ∃{um}∞m=0 ⊂ C10(Ω), such that um → u in H1(Ω)},
equipped with the norm
‖u‖2H10 (Ω) = ‖∇u‖
2
2,
if Ω is a bounded domain. The following standard notations are used in the
dissertation













 C1(Ω) denotes the space of all continuously differentiable functions on Ω,
 C10(Ω) denotes the space of all continuously differentiable functions with
compact support in Ω. The support of a continuous function f defined on
Ω is the closure of the set of point where f(x) is nonzero. That is
supp(f) : = {x ∈ Ω | f(x) 6= 0}.
 C∞0 (Ω) denotes the space of all continuously functions with compact support
in Ω, having continuous derivatives of all orders.
 Lp(Ω) = {f : Ω → R; f is measurable function and
∫
Ω
|f |pdx < +∞} ,
where 1 ≤ p <∞.
 L∞(Ω) = {f : Ω→ R; f is measurable function and there is a constant C ≥ 0
such that |f(x)| ≤ C a.e. on Ω}.
 Lploc(Ω) = {f : Ω → R; f is measurable function and f ∈ Lp(K), ∀K ⊂
Ω, K compact}.
Let X be a real Banach space with a norm ‖ · ‖. We have the following definitions









for 1 ≤ p <∞, and
‖u‖L∞(0,T ;X) := esssup0≤t≤T‖u(t)‖ < +∞,
for p =∞.
 The space Lploc(0, T ;X) consists of all measurable functions u : (0, T ) → X
with u ∈ Lp([a, b];X) for every closed interval [a, b] ⊂ (0, T ).
 The space C([0, T ], X) consists of all continuous functions u : [0, T ] → X
with




 The space C1([0, T ], X) consists of all continuously differentiable functions
u : [0, T ]→ X with
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In this chapter, we prove the well-posedness and the finite time blow-up of solu-
tions of the following nonlinear wave problem with variable exponents:

utt −∆u+ aut|ut|m(·)−2 = bu|u|p(·)−2, in Ω× (0, T )
u(x, t) = 0, on ∂Ω× (0, T )
u(x, 0) = u0(x), ut(x, 0) = u1(x), in Ω,
(3.1)
where a, b > 0 are constants and Ω is a bounded domain of Rn (n ≥ 1) with
a smooth boundary ∂Ω, and the exponents m(·) and p(·) are given measurable
functions defined on Ω. In Section 3.1, we introduce some assumptions needed
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in this chapter. In Section 3.2, we use the Galerkin method to prove the well-
posedness of the problem. Some technical lemmas are given in Section 3.3. The
statement with the proof of our main blow up result will be given in Section 3.4.
In Section 3.5, we present a two-dimension numerical example to illustrate the
blow up result.
3.1 Assumptions
In this section, we present some materials needed in the proof of our results and
establish the well-posedness of the problem. We use the standard Lebesgue space
L2(Ω) and the Sobolev space H10 (Ω) with their usual scalar products and norms
and assume the following hypotheses
(A1) The exponents m and p are measurable functions such that either m, p ∈
C(Ω) or they satisfy the following log-Hölder continuity condition:
|q(x)− q(y)| ≤ − A
log |x− y|
, for all x, y ∈ Ω, with |x− y| < δ. (3.2)
A > 0, 0 < δ < 1.
(A2) For the nonlinearity in the damping, we assume that
2 ≤ m1 ≤ m(x) ≤ m2 ≤
2n
n− 2
, n ≥ 3.
2 ≤ m1 ≤ m(x) ≤ m2 < +∞, n < 3.
(3.3)
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(A3) For the nonlinearity in the source term, we assume that
2 ≤ p1 ≤ p(x) ≤ p2 ≤ 2
n− 1
n− 2
, n ≥ 3.
2 ≤ p1 ≤ p(x) ≤ p2 < +∞, n < 3.
(3.4)
(A4) For the blow-up result, we further assume that


















dx, t ≥ 0. (3.6)
Direct differentiation, using problem (3.1), leads to
E ′(t) = −a
∫
Ω
|ut(x, t)|m(x)dx, for a.e t ∈ [0, T ). (3.7)
3.2 The Well-posedness of the Problem
In this section, we give the existence and uniqueness result for problem (3.1), using
the Galerkin method combined with a fixed-point argument. First, we consider
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the following initial-boundary value problem:

utt −∆u+ aut|ut|m(·)−2 = f(x, t), in Ω× (0, T )
u(x, t) = 0, on ∂Ω× (0, T )
u(x, 0) = u0(x), ut(x, 0) = u1(x), in Ω,
(3.8)
where a > 0 is a constant, f ∈ L2
(
Ω × (0, T )
)
, (u0, u1) ∈ H10 (Ω) × L2(Ω), the
exponent m is a given measurable function satisfying (A1) − (A2), and Ω is a
bounded domain in Rn with a smooth boundary ∂Ω.




(0, T ), H10 (Ω)
)
, ut ∈ L∞
(













Suppose that (3.8) has two solutions u and v. Then, w = u− v satisfies

wtt −∆w + aut|ut|m(·)−2 − avt|vt|m(·)−2 = 0, in Ω× (0, T )
w(x, t) = 0, on ∂Ω× (0, T )
w(x, 0) = wt(x, 0) = 0, in Ω.
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(a− b) ≥ 0,







which implies that w = C = 0, since w = 0 on ∂Ω. Hence, the uniqueness.
Existence:
Let {vj}∞j=1 be an orthonormal basis of H10 (Ω), with
−∆vj = λjvj, in Ω, vj = 0, on ∂Ω,
and define the finite-dimensional subspace Vk = span{v1, ..., vk}. By normalization,
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aj(t)vj, x ∈ Ω, t ∈ (0, T )














uk(x, 0) = uk0 , u
k
t (x, 0) = u
k








i=1(u1, vi)vi are two sequences in H
1
0 (Ω) and
L2(Ω), respectively, such that
uk0 → u0 in H10 (Ω) and uk1 → u1 in L2(Ω).
This generates the system of k ordinary differential equations






aj(0) = (u0, vj), a
′






















This system can be solved by standard ODE theory. Hence, we obtain functions
aj : [0, tk)→ R, 0 < tk < T.
Next, we have to show that tk = T, ∀k ≥ 1. We multiply (3.9) by a′j(t) and sum















|ukt (x, t)|m(x)dx =
∫
Ω
f(x, t)ukt (x, t)dx.















































































Choosing ε = 1
4














|ukt (x, s)|m(x)dxds ≤ C
Thus, the solution can be extended to [0, T ) and, in addition, we have
(uk) is a bounded sequence in L∞
(
(0, T ), H10 (Ω)
)
(ukt ) is a bounded sequence in L
∞((0, T ), L2(Ω)) ∩ Lm(·)(Ω× (0, T )).
Therefore we can extract a subsequence (u`) such that
u` → u weakly ∗ in L∞
(
(0, T ), H10 (Ω)
)
u`t → ut weakly ∗ in L∞
(
(0, T ), L2(Ω)
)
and weakly in Lm(·)
(
Ω× (0, T )
)
.
We can conclude by Lion’s Lemma [69] that u ∈ C
(
[0, T ], L2(Ω)
)
so that u(x, 0)
has a meaning. Since (u`t) is bounded in L






Ω× (0, T )
)
; hence, up to a subsequence,




Ω× (0, T )
)
.
We have to show that ψ = |ut|m(·)−2ut. In (3.9), we use u` instead of uk and





















fvj, ∀j < `.











































fv, ∀v ∈ H10 (Ω).














fv, ∀v ∈ H10 (Ω). (3.13)
This implies that
utt −∆u+ ψ = f, in D′
(













(u`t − v)dt ≥ 0, ∀v ∈ Lm(·)
(
(0, T )H10 (Ω)
)
.



































Taking `→∞, we obtain




































































Addition of (3.16) and (3.17) yields



























(ut − v)dt ≥ 0, ∀v ∈ Lm(·)
(










(ut − v)dt ≥ 0, ∀v ∈ Lm(·)
(
Ω× (0, T )
)
,
by density of H10 (Ω) in L
m(·)(Ω) (Lemma 2.5).
Let v = λw + ut, w ∈ Lm(·)
(
Ω× (0, T )
)







ψ − A(λw + ut)
)
w ≥ 0, ∀λ 6= 0, ∀w ∈ Lm(·)
(
Ω× (0, T )
)
.






ψ − A(λw + ut)
)
w ≤ 0, ∀w ∈ Lm(·)
(
Ω× (0, T )
)
.








w ≤ 0, ∀w ∈ Lm(·)
(
Ω× (0, T )
)
.








w ≥ 0, ∀w ∈ Lm(·)
(













fv, ∀v ∈ Lm(·)
(




utt −∆u+ a|ut|m(x)−2ut = f, in D′
(
Ω× (0, T )
)
.
To handle the initial conditions, we note that
ul ⇀ u weakly ∗ in L∞((0, T ), H10 (Ω))
ult ⇀ ut weakly ∗ in L∞((0, T ), L2(Ω)).
(3.18)
Thus, using Lions’ Lemma [69], we obtain
ul → u in C([0, T ], L2(Ω)). (3.19)
Therefore, ul(x, 0) makes sense and ul(x, 0)→ u(x, 0) in L2(Ω). Also we have, by
construction,
ul(x, 0) = ul0(x)→ u0(x) in H10 (Ω).
Hence
u(x, 0) = u0(x). (3.20)
As in [71], let φ ∈ C∞0 (0, T ) and replace (uk) by (ul) to obtain from (3.9) and for
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for all v ∈ H10 (Ω). This means utt ∈ L
m(·)
m(·)−1 ([0, T ), H−1(Ω)) and u solves the
equation
utt −∆u+ a|ut|m(·)−2ut = f. (3.24)
Thus, ut ∈ L∞([0, T ), L2(Ω)), utt ∈ L
m(·)
m(·)−1 ([0, T ), H−1(Ω)). Consequently,
ut ∈ C([0, T ), H−1(Ω)). (3.25)
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So, ult(x, 0) makes sense (see [71, p.116]). It follows that
ult(x, 0)→ ut(x, 0) in H−1(Ω).
But
ult(x, 0) = u
l
1(x)→ u1(x) in L2(Ω).
Hence
ut(x, 0) = u1(x). (3.26)
This ends the proof of Proposition 3.1
Now, we give the wellposedness result of our problem. First we need the fol-
lowing lemma
Lemma 3.1 For a.e x ∈ Ω and p(·) satisfying
2 < p1 ≤ p(x) ≤ p2 < +∞,
the function g(s) = b|s|p(x)−2s is differentiable and |g′(s)| = |b||p(x)− 1||s|p(x)−2.
Theorem 3.1 Let (u0, u1) ∈ H10 (Ω) × L2(Ω) be given and m, p ∈ C(Ω). Under
the assumptions (A2), (A3), the problem (3.1) has a unique local solution
u ∈ L∞
(
(0, T ), H10 (Ω)
)
, ut ∈ L∞
(














Proof. Let v ∈ L∞
(




















So, in this case,
g(v) ∈ L∞
(




Ω× (0, T )
)
.
Therefore, for each v ∈ L∞
(
(0, T ), H10 (Ω)
)
, there exists a unique
u ∈ L∞
(
(0, T ), H10 (Ω)
)
, ut ∈ L∞
(




Ω× (0, T )
)
satisfying the nonlinear problem

utt −∆u+ aut|ut|m(·)−2 = g(v), in Ω× (0, T )
u(x, t) = 0, on ∂Ω× (0, T )
u(x, 0) = u0(x), ut(x, 0) = u1(x), in Ω.
(3.28)





(0, T ), H10 (Ω)
)
/ wt ∈ L∞
(























































































































































‖∇u0‖22 and ce is the embedding constant.












Suppose that ‖v‖XT ≤M, for some M large. Then
‖u‖2XT ≤ λ+ TβM
2p2−2 ≤M2,
if









(0, T ), H10 (Ω)
)
, wt ∈ L∞
(
(0, T ), L2(Ω)
)
such that ‖w‖XT0 ≤M}.
Next, we show that, for T0 (even smaller), G is a contraction. For this purpose,
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, in Ω× (0, T )
u(x, t) = 0, on ∂Ω× (0, T )
u(x, 0) = u0(x), ut(x, 0) = u1(x), in Ω.
(3.30)














































































































































, for 0 < d < 1.
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Thus G is a contraction. The Banach fixed theorem implies the existence of a
unique u ∈ B satisfying G(u) = u. Thus, u is a local solution of (3.8).
Uniqueness. Suppose we have two solutions u and v. Then w = u− v satisfies

wtt −∆w + aut|ut|m(·)−2 − avt|vt|m(·)−2 = bu|u|p(·)−2 − bv|v|p(·)−2, in Ω× (0, T )
w(x, t) = 0 on ∂Ω× (0, T )
w(x, 0) = wt(x, 0) = 0, in Ω,









































































Thus, w ≡ 0. This shows the uniqueness. The proof of Theorem 3.1 is completed.
3.3 Technical Lemmas
In this section, we establish several lemmas needed for the proof of our blow-up
result.
Lemma 3.2 Suppose the conditions of Corollary 2.6 hold. Then there exists a
positive C > 1, depending on Ω only, such that
%
s





for any u ∈ H10 (Ω) and 2 ≤ s ≤ p1.
Proof. If %(u) > 1, then %
s




, where C > 1.













}] 2p1 = ‖u‖2p(·) ≤ C‖∇u‖22.
Therefore (3.34) follows.
As a special case, we have
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for any u ∈ H10 (Ω) and 2 ≤ s ≤ p1.
We set
H(t) := −E(t)
and use, throughout this paper, C to denote a generic positive constant depending
on Ω only. As a result of (3.6) and (3.34), we have
Corollary 3.3 Let the assumptions of Lemma 3.2 hold. Then we have
%
s
p1 (u) ≤ C
(
|H(t)|+ ‖ut‖22 + %(u)
)
, (3.36)
for any u ∈ H10 (Ω) and 2 ≤ s ≤ p1.
As a special case, we have
Corollary 3.4 Let the assumptions of Lemma 3.2 hold. Then we have
‖u‖sp1 ≤ C
(
|H(t)|+ ‖ut‖22 + ‖u‖p1p1
)
, (3.37)
for any u ∈ H10 (Ω) and 2 ≤ s ≤ p1.
Lemma 3.3 Let the assumptions of Lemma 3.2 hold and let u be the solution of
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problem (3.1). Then,























































p2 + %(u) ≥ ‖u‖p1p1 . (3.39)
Since





































































3.4 The Main Blow-Up Result
In this section we state and prove our main blow up result.
Theorem 3.5 Let the conditions of Theorem 3.1 be fulfilled. Assume further that
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(A4) holds and
E(0) < 0. (3.41)
Then the solution (3.27) blows up in finite time.
Proof. We multiply equation (3.1) by ut and integrate over Ω to get




for almost every t in [0, T ) since E(t) is absolutely continuous (see [34]); hence
H ′(t) ≥ 0 and
0 < H(0) ≤ H(t) ≤ b
p1
%(u), (3.43)
for every t in [0, T ), by virtue of (3.41). We then define




for ε small to be chosen later and








By taking the derivative of (3.44) and using equation (3.1), we obtain














Add and subtract ε(1− η)p1H(t), for 0 < η < 1, in the right-hand side of (3.46),
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to arrive at



















For η small enough, we see that



































m(x)−1 |ut|m(x)dx, ∀δ > 0.
(3.49)


























H−α(t)H ′(t) + εβ
[













































We then use Lemma 3.2 and (3.45), for
s = m2 + αp1(m2 − 1) ≤ p1 and s = m1 + αp1(m2 − 1) ≤ p1,






























At this point, we choose k large enough so that













Therefore (3.54) takes the form
L′(t) ≥ γε
[




H(t) + ‖ut‖22 + ‖u‖p1p1
]
, (3.55)
by virtue of (3.38). Consequently we have
L(t) ≥ L(0) > 0, for all t ≥ 0.
Next, we would like to show that
L′(t) ≥ ΓL
1
1−α (t), for all t ≥ 0, (3.56)
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where Γ is a positive constant depending only on εγ and C (the constant of
Corollary 3.2). Once (3.56) is established, we obtain in a standard way the finite




∣∣∣ ≤ ‖u‖2‖ut‖2 ≤ C‖u‖p1‖ut‖2,
which implies ∣∣∣ ∫
Ω
uut(x, t)dx
∣∣∣ 11−α ≤ C‖u‖ 11−αp1 ‖ut‖ 11−α2 .














∣∣∣1/(1−α) ≤ C[‖u‖sp1 + ‖ut‖22],




∣∣∣1/(1−α) ≤ C[H(t) + ‖u‖p1p1 + ‖ut‖22], for all t ≥ 0. (3.58)
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and combining it with (3.55) and (3.58), the inequality (3.56) is established. A




Therefore (3.59) shows that L(t) blows up in finite time
T ∗ ≤ 1− α
Γα[L(0)]α/(1−α)
, (3.60)
where Γ and α are positive constant with α < 1 and L is given by (3.44) above.
This completes the proof.
Remark 3.1 The estimate (3.60) shows that the larger L(0) is, the quicker the
blow up takes place.
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3.5 Numerical Study
In this section, we present an application to illustrate numerically the blow-up
result of Theorem 3.5. For this purpose, we numerically solve problem (3.1), for
n = 2, where the domain Ω is taken to be the unit disk, and the parameters
a = 1, b = 1, u1(x, y) = 0, and u0(x, y) = k(1− x2 − y2), where k will be chosen
such that E(0) < 0. We take the exponent functions m(x, y) = dxe2 + 2.5 and
p(x, y) = dxe2 + 4, which satisfy condition (A1), where d·e denotes the greatest
integer function. Note that condition (A2) is required for n ≥ 3, while here since
m, p > 2, the conclusion of corollary 2.6 follows for n = 1 or n = 2.
3.5.1 Numerical Method
We first introduce a suitable numerical scheme to discretize problem (3.1) using
finite differences for the time variable t ∈ [0, T ] and a finite element method for
the space variable (x, y) ∈ Ω. Comprehensive details about the finite difference
and the finite element methods are available in [61], [85], [86]. We subdivide the
time interval [0, T ] into N equal subintervals
[tn−1, tn], tn = nτ, n = 1, 2, ..., N + 1,
where τ is the time step. Let
Un(x, y) := u(x, y, tn),
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and use the finite-difference formulas: the first-order backward difference for
∂tU
n(x, y) :=
Un(x, y)− Un−1(x, y)
τ
,
and the second-order center difference for
∂ttU
n(x, y) :=
Un+1(x, y)− 2Un(x, y) + Un−1(x, y)
τ 2
.
Then the time discrete problem of (3.1) reads: Given u0 and u1, find







+ Un|Un|p(x,y)−2 − Un|∂tUn|m(x,y)−2, in Ω
Un+1 = 0, on ∂Ω
U0 = u0(x, y), U
1 = U0 + τu1(x, y) in Ω,
(3.61)
where the last equation is the discrete form of ut(x, y, 0) = u1(x, y), using the
forward difference formula. Note also that the above problem is linear in Un+1,
which is achieved by using the history data Un in the nonlinear terms.
Problem (3.61) is solved iteratively as for given regular Un−1 and Un, the solution




Un+1 = F (Un−1, Un), in Ω




F (Un−1, Un) :=
2Un − Un−1
τ 2
+ Un|Un|p(x,y)−2 − Un|∂tUn|m(x,y)−2.
We solve for Un+1 by using a finite element method as follows. Let Ωh be a
triangulation of Ω with a maximal diameter size of h and let P1(Ωh) be the linear
Lagrangian subspace of H10 (Ωh).












F (Un−1, Un)WdΩh. (3.63)
The full-discrete problem (3.63) is elliptic and posses a unique solution Un+1 ∈
P1(Ωh) for every n ≥ 1, provided that the history data Un−1, Un are regular
enough. This follows from Lax-Milgram Lemma, see [61].
3.5.2 Numerical Results
In this subsection, we present and discuss the blow up results of the numerical
scheme (3.63). The numerical results are obtained using the FreeFem++ software,
which is an open source [39], in addition to Matlab.
We set the parameters as follows.
1. k = 5 makes the initial energy negative, E(0) = −26.92, as required.
2. The time step τ = 0.01 is small enough to catch the below up behavior.
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3. The triangulation Ωh consists of 12096 triangles with 6145 degrees of free-
doms.
Fig. 3.1 shows the mesh Ωh, and the graphs of the initial data u0 together the
exponent functions m, p projected into P1(Ωh).
Fig. 3.2 and Fig. 3.3 present the solution Un from iteration n = 3 (t = 0.03) to
the final iteration n = 43 (t = 0.43) at which the blow-up occurs.
(a) The mesh Ωh
(b) u0(x, y) = 5(1 − x2 −
y2)
(c) m(x, y) = 2.5 + dxe2 (d) p(x, y) = 4 + dxe2
Figure 3.1: The graphs of mesh Ωh, u0, the exponent functions m and p.
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(a) U3 (b) U8
(c) U18 (d) U28
Figure 3.2: The solution Un for iterations n = 3, 8, 18, 28.
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(a) U38 (b) U41
(c) U42 (d) U43
Figure 3.3: The solution Un for iterations n = 38, 41, 42, 43.
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The table above (Table 3.1) lists numerical values of ‖Un‖∞ and the energy
E(tn). It indicates the blowup of both the solution and the energy takes place at
t = 0.43 as their magnitude orders drastically jumped high.
In conclusion, the above numerical application verifies and agrees with the blowup
results of Theorem 3.5.
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CHAPTER 4





In this chapter, we prove the finite time blow-up of solutions of the following






+ aut|ut|m(·)−2 = bu|u|p(·)−2, in Ω× (0, T )
u(x, t) = 0, on ∂Ω× (0, T )
u(x, 0) = u0(x), ut(x, 0) = u1(x), in Ω,
(4.1)
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where a, b > 0 are constants, Ω is a bounded domain of Rn with a smooth bound-
ary ∂Ω and the exponents m, p and r are given measurable functions on Ω. In
Section 4.1, we introduce some assumptions needed in this chapter. Some techni-
cal lemmas and the statement without proof of the wellposedness of our problem
will be given in Section 4.2. In Section 4.3, we give a finite-time blowup result for
the solutions with negative initial energy. In Section 4.4, we prove a finite-time
blowup result for certain solutions with positive energy.
4.1 Assumptions
In this section, we present some materials needed in the proof of our result. We
use the standard Lebesgue space L2(Ω) and the variable-exponent Sobolev space
W
1,r(·)
0 (Ω) with their norms. We assume the following hypotheses
(A1) The exponents m, p and r are measurable functions such that either m, p, r ∈
C(Ω) or they satisfy the following log-Hölder continuity condition:
|q(x)− q(y)| ≤ − A
log |x− y|
, for all x, y ∈ Ω, with |x− y| < δ, (4.2)
A > 0, 0 < δ < 1.
(A2) m, p and r satisfy the following condition







if r2 < n
+∞ if r2 ≥ n
and
essinfx∈Ω(r
∗(x)− p(x)) > 0.
















|u|p(x)dx, t ≥ 0. (4.4)
Direct differentiation, using problem (4.1), leads to
E ′(t) = −a
∫
Ω
|ut(x, t)|m(x)dx, for a.e. t ∈ [0, T ). (4.5)
4.2 The Well-posedness of the Problem
In this section we give the statement without proof of the wellposedness of our
problem (4.1) as well as some lemmas which needed for the proof of our blow-up
result.
Proposition 4.1 Let u0 ∈ W 1,r(·)0 (Ω), u1 ∈ L2(Ω) be given and m, p, r ∈ C(Ω).







, ut ∈ L∞
(
(0, T ), L2(Ω)
)











Remark 4.1 The proof of this proposition can be established employing the
Galerkin method as in the previous chapter. See also [11].
Lemma 4.1 Suppose the conditions of Lemma 2.8 hold. Then, there exists a









for any u ∈ W 1,r(·)0 (Ω) and r1 ≤ s ≤ p1.
Proof. If %p(·)(u) > 1, then %
s
p1




















}] r1p1 = ‖u‖r1p(·) ≤ C‖∇u‖r1r(·),
where C > 1. Therefore (4.6) follows.
As a special case, we have the following












and denote by C a generic positive constant that depends on Ω only. Combination
of (4.4) and (4.6) leads to






|H(t)|+ ‖ut‖22 + %p(·)(u)
)
, (4.8)
for any u ∈ W 1,r(·)0 (Ω) and r1 ≤ s ≤ p1.
As a special case, we get the following
Corollary 4.3 Under the assumptions of Lemma 4.1, we have
‖u‖sp1 ≤ C
(
|H(t)|+ ‖ut‖22 + ‖u‖p1p1
)
, (4.9)
for any u ∈ W 1,r(·)0 (Ω) and r1 ≤ s ≤ p1.
Lemma 4.2 Assume that (4.2),(4.3) hold and E(0) < 0. Then the solution of
problem (4.1) satisfies, for some c > 0,
























































p2 + %p(·)(u) ≥ ‖u‖p1p1 . (4.11)
Since
0 < H(0) ≤ H(t) ≤ b
p1
%p(·)(u),

































































Lemma 4.4 let u be the solution of (4.1), with E(0) < 0. Then there exists a
constant c1 > 0 such that
‖∇u(·, t)‖r(·) ≥ c1, ∀t ≥ 0. (4.13)
Proof. Suppose, by contradiction, there exists a sequence tk such that
‖∇u(·, tk)‖r(·) → 0 as k →∞.
Then, Lemma 2.8 and Lemma 2.4 imply






which contradicts the fact that E(t) ≤ E(0) < 0, ∀t ≥ 0.
4.3 Blow-Up Result For Negative Initial Energy
In this section we present our first blow up result and its proof.
Theorem 4.4 Let the assumptions of Proposition 4.1 be satisfied and assume that
E(0) < 0. (4.14)
Then the solution of (4.1) blows up in finite time.
Proof. We multiply equation (4.1) by ut and integrate over the domain Ω to
get
E ′(t) = −a
∫
Ω
|ut(x, t)|m(x)dx ≤ 0, (4.15)
for a.e. t ∈ [0, T ) since E is an absolutely continuous function (see [34]); conse-
quently, H ′(t) ≥ 0 and
0 < H(0) ≤ H(t) ≤ b
p1
%p(·)(u), (4.16)
for all t in [0, T ), by recalling (4.14). We next define





for a small ε to be specified later and for








We differentiate (4.17) and use the equation in (4.1) to arrive at















We add and subtract ε(1− η)p1H(t), for 0 < η < 1, in the right side of (4.19), to
obtain




















Then, for η small enough, we have
L′(t) ≥ εβ
[
H(t) + ‖ut‖22 + %r(·)(∇u) + %p(·)(u)
]

































m(x)−1 |ut|m(x)dx, ∀δ > 0.
(4.22)

















Combining (4.21) and (4.23) yields
L′(t) ≥ εβ
[






































We then use (4.18) and Lemma 4.1, for
s = m2 + αp1(m2 − 1) ≤ p1 and s = m1 + αp1(m2 − 1) ≤ p1,









By exploiting Lemma 4.4, we get
‖∇(u/c1)‖r(·) ≥ 1. (4.27)










































Now, we pick k so large that

























by virtue of (4.10). Consequently, we have
L(t) ≥ L(0) > 0, for all t ≥ 0.
Next, we want to obtain an inequality of the form
L′(t) ≥ ΓL
1
1−α (t), for all t ≥ 0, (4.32)
for a positive Γ which depends only on εγ and C (here C is the constant of
Corollary 4.1). Once (4.32) is proved, one can obtain, in a standard way, the
89




∣∣∣ ≤ ‖u‖2‖ut‖2 ≤ C‖u‖p1‖ut‖2.
This gives ∣∣∣ ∫
Ω
uutdx
∣∣∣ 11−α ≤ C‖u‖ 11−αp1 ‖ut‖ 11−α2 .









= 1. Taking θ = 2(1− α), we get µ
1−α =
2
1−2α ≤ p1 by virtue of (4.18).




∣∣∣1/(1−α) ≤ C[‖u‖sp1 + ‖ut‖22],
where s = 2




∣∣∣1/(1−α) ≤ C[H(t) + ‖u‖p1p1 + ‖ut‖22], ∀t ≥ 0. (4.34)
















and combine with (4.31) and (4.34), the inequality (4.32) is established. A simple




Therefore (4.35) shows that L(t) blows up in finite time
T ∗ ≤ 1− α
Γα[L(0)]α/(1−α)
, (4.36)
where Γ and α are positive constant with α < 1 and L is given by (4.17) above.
This completes the proof.
Remark 4.2 The estimate (4.36) shows that the larger L(0) is, the quicker the
blow up takes place.
4.4 Blow-Up Result For Positive Initial Energy
In this section, we establish the blow up for certain solutions with positive energy.
In order to state and prove our result, let B be the best constant of the Sobolev
embedding W
1,r(·)


















H(t) = E1 − E(t), (4.37)
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where ε > 0, 0 < λ < 1 are to be determined later.
Our main result of this section is the following theorem.
Theorem 4.5 Let the conditions of Proposition 4.1 be fulfilled. Assume further
that
E(0) < E1, α1 < α0 ≤ B−r21 . (4.39)
Then the solution of (4.1) blows up in a finite time.
To prove the theorem, we need the following two lemmas.
Lemma 4.5 Let the assumptions in Theorem 4.5 be satisfied, then there exists a
constant α2 > α1 such that
‖∇u(·, t)‖r2r(·) ≥ α2 ∀t ≥ 0. (4.40)

























































:= g(α), ∀α ∈ [0,∞),
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Notice that h(α) = g(α), for 0 < α ≤ B−r21 . It is easy to check that the function
h(α) is increasing for 0 < α < α1 and decreasing for α1 < α < +∞.
Since E(0) < E1 = h(α1), there exists a positive constant α2 ∈ (α1,∞) such that
h(α2) = E(0). Then, we have h(α0) = g(α0) ≤ E(0) = h(α2). It implies that
α0 ≥ α2.
Now, to prove (4.40), we suppose on the contrary that ‖∇u(t0)‖r2r(·) < α2, for
some t0 > 0. So, there exists t1 > 0 such that α1 < ‖∇u(t1)‖r2r(·) < α2. Using the





> h(α2) = E(0),
which contradicts E(t) < E(0), for all t ∈ (0, T ). Thus, (4.40) is established.
Lemma 4.6 Let the assumptions in Theorem 4.5 be satisfied, then we have




Proof. Using (4.4),(4.15) and (4.37), we obtain









































































< 0, ∀t ≥ 0.
Hence,
0 < H(0) ≤ H(t) ≤ b
p1
%p(·)(u), ∀t ≥ 0.
Proof of Theorem 4.5. With the help of Lemma 4.6, the proof is established
exactly by repeating the steps (4.17)-(4.34) of the proof of Theorem 4.4.
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CHAPTER 5







In this chapter, we investigate the long-time behavior of a nonlinear wave equation
with variable exponents. We use the modified concavity method to establish the
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blow up result of the problem. To this end, we consider the following initial-
boundary-value problem:

utt − div(|∇u|m(x)−2∇u) + µut = |u|p(x)−2u, in Ω× (0, T )
u(x, t) = 0, on ∂Ω× (0, T )
u(x, 0) = u0(x), ut(x, 0) = u1(x), in Ω,
(5.1)
where µ ≥ 0 is a constant, Ω is a bounded domain of Rn with a smooth boundary
∂Ω and the exponents m and p are given measurable functions defined on Ω
satisfying some conditions to be specified later. The rest of the chapter is organized
as follows. In Section 5.1, we introduce some assumptions needed in this chapter.
An important lemma and the statement without proof of the well-posedness of
our problem will be given in Section 5.2. In Section 5.3, we give the main blow-up
result.
5.1 Assumptions
In this section, we present some materials needed in the proof of our result. We
use the standard Lebesgue space L2(Ω) and the variable-exponent Sobolev space
W
1,m(·)
0 (Ω) with their norms. We assume the following hypotheses
(A1) The exponents m and p are measurable functions such that either m, p ∈
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C(Ω) or they satisfy the following log-Hölder continuity condition:
|q(x)− q(y)| ≤ − A
log |x− y|
, for all x, y ∈ Ω, with |x− y| < δ, (5.2)
A > 0, 0 < δ < 1.
(A2) m and p satisfy the following condition






if m2 < n
+∞ if m2 ≥ n
and
essinfx∈Ω(m
∗(x)− p(x)) > 0.
5.2 The Well-posedness of the Problem
In this section we give the statement without proof of the wellposedness of our
problem (5.1) as well as a lemma which needed for the proof of our main result.
















|u|p(x)dx, t ≥ 0. (5.4)
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Proposition 5.1 [11] Let u0 ∈ W 1,m(·)0 (Ω), u1 ∈ L2(Ω) and m, p ∈ C(Ω) satisfy







, ut ∈ L∞
(
(0, T ), L2(Ω)
)










Remark 5.1 The proof of this proposition can be established employing the
Galerkin method and a fixed-point argument as in chapter 3. See also [12].
Lemma 5.1 [58] Assume that Φ ∈ C2([0, T )) satisfying
ΦΦtt − αΦ2t + γΦΦt + βΦ ≥ 0, α > 1, β ≥ 0, γ ≥ 0, (5.5)













































5.3 The Main Result
In this section we state and prove our main result.
Theorem 5.1 Let the conditions of Proposition 5.1 be fulfilled. Assume further





















2 such that lim sup
t→T ∗


































































































































































Then, Cauchy-Schwarz inequality yields
Φ2t ≤ 4JΦ.









Φ2t + µΦΦt + 2p1E(0)Φ ≥ 0. (5.15)




















Thus, by Lemma 5.1, there exists





2 such that lim sup
t→T ∗
‖u(·, t)‖2 = +∞, (5.17)












which is the desired result.
Remark 5.2 This result extends the one in [58] to problems with variable-
exponent nonlinearities.
Remark 5.3 Conditions assumed in Theorem 5.1 are compatible for µ ≥ 0 small














then we choose u1 = λu0, for λ >
2µ












Φ(0) > 0, (5.19)
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To get (5.21), we take λ = 1
µ
and exploit (5.18) then the last condition in Theorem
5.1 follows.
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For µ = 0, it is enough to take λ large. It is clear that the smaller µ is the lager
the ”positive” initial energy we can take. Moreover, this gives an indication that






In this work we considered three nonlinear hyperbolic problems involving nonclas-
sical nonlinearities and obtained blow up results for solutions associated to these
problems under appropriate assumptions on the exponents of nonlinearity and the
initial data. We extended various blow up results from the constant-exponent case
to the variable-exponent case and established some existence results for nonlin-
ear hyperbolic problems with variable exponent nonlinearities. In particular, we
extended the blow up result of some nonlinear hyperbolic problem, considered by
Georgiev and Todorova [34] and Messaoudi [72], from the constant-exponent case
to the variable-exponent case. Also, we extended the one in Korpusov [58], to
problems with variable-exponent nonlinearities. We also verified and illustrated
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one blow-up result numerically.
6.2 Future Work
Investigating other nonlinear hyperbolic problems
There exist nonlinear hyperbolic problems with variable exponents that can be
studied. Here are some examples:
 Extend the blow up results to some Kirchhoff-type problems involving non-
standard nonlinearities.
 Extend the blow up results to some viscoelastic problems involving nonstan-
dard nonlinearities.
 Investigate the stability of some nonlinear wave equations involving variable
exponents.
 Consider some systems with nonstandard nonlinearities.
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